stated as follows: given an arbitrary polynomial equation in several variables over Z, is there a uniform algorithm to determine whether such an equation has solutions in Z? This question, known otherwise as Hilbert's tenth problem, has been answered negatively in the work of Davis, H. Putnam, Robinson, and Matijasevič (see [2, 3] ). Since the time when this result was obtained, similar questions have been raised for other fields and rings. In other words, let R be a recursive ring. Then, given an arbitrary polynomial equation in several variables over R, is there a uniform algorithm to determine whether such an equation has solutions in R?
Arguably the two most interesting and difficult problems in the area concern R = Q and R equal to the ring of algebraic integers of an arbitrary number field.
One way to resolve the question of Diophantine decidability negatively over a ring of characteristic 0 is to construct a Diophantine definition of Z over such a ring.
This notion is defined below. Definition 1.4. Let R be a ring and let A ⊂ R k , k ∈ N. Then A has a Diophantine definition over R if there exists a polynomial f(t 1 , . . . , t k , x 1 , . . . , x n ) ∈ R[t 1 , . . . , t k , , x 1 , . . . , x n ] such that for any (t 1 , . . . , t k ) ∈ R k , ∃x 1 , . . . , x n ∈ R, f t 1 , . . . , t k , x 1 , . . . , x n = 0 ⇐⇒ t 1 , . . . , t k ∈ A.
(1.1)
In this case A is called a Diophantine subset of R k . If the quotient field of R is not algebraically closed, we can allow a Diophantine definition to consist of several polynomials without changing the nature of the relation. (See [3] for more details.)
The usefulness of Diophantine definitions stems from the following easy lemma. Lemma 1.5. Let R 1 ⊂ R 2 be two recursive rings such that the quotient field of R 2 is not algebraically closed. Assume that Hilbert's tenth problem (abbreviated as "HTP" in what follows) is undecidable over R 1 , and R 1 has a Diophantine definition over R 2 . Then HTP is undecidable over R 2 .
Diophantine definitions have been obtained for Z over the rings of algebraic integers of some number fields. Denef has constructed a Diophantine definition of Z for the finite-degree totally real extensions of Q. Denef and Lipshitz extended Denef's results to the totally complex extensions of degree 2 of the finite-degree totally real fields.
Pheidas and the author of this paper have independently constructed Diophantine definitions of Z for number fields with exactly one pair of nonreal conjugate embeddings. Finally, Shapiro and the author of this paper showed that the subfields of all the fields mentioned above "inherited" the Diophantine definitions of Z. 
It is clear that Diophantine definitions provide examples of Diophantine models.
In other words, if R 1 ⊂ R 2 , both rings are computable and R 1 has a Diophantine definition over R 2 , then R 2 has a Diophantine model of R 1 with φ being the identity mapping. Further, it is equally clear that if R 1 has undecidable Diophantine sets and R 2 has a Diophantine model of R 1 , then R 2 also has undecidable Diophantine sets. Thus if a computable ring R has a Diophantine model of Z, some of its Diophantine sets are not computable and the analogue of HTP has no solution over it. Unfortunately, if Conjecture 1.1 is true, the result of Cornelissen and Zahidi discussed above shows that we cannot use a construction of a Diophantine model to prove that HTP is undecidable over Q. On the other hand, Pheidas [13] has recently proposed an approach which, if successful, will yield a Diophantine model of Z over Q and will therefore falsify Conjecture 1.1.
Given the difficulty of establishing whether Conjectures 1.1 and 1.3 are true over Q (and number fields in general), one might adopt a gradual approach: consider the conjectures over the rings of W-integers of Q and number fields in general. These rings are defined as follows. Definition 1.7. Let M be a number field and let W be a set of its primes. Then a ring
is called a ring of The proof of this theorem can be found in [16, 17, 19] .
We can try to apply the same approach to Conjecture 1.1. First we will need to restate this conjecture for the rings in question.
A ring version of Mazur's conjecture
Notations 2.1. (i) For a number field K, let P(K) denote the set of all finite primes of K.
(ii) Let V ⊂ C n be an algebraic set defined over a field K. Let A ⊆ K. Then let
Question 2.2. Let K be a number field and let W K be a set of primes of K. Let V be any
First of all, we can make the following simple observations. Proposition 2.3. Let T 1 and T 2 be topological spaces. Consider T = T 1 ×T 2 under the product topology. Let π : T → T 1 be a projection. Let S ⊂ T be such that the topological closure π(S) of π(S), has infinitely many components. Then the topological closureS of S has infinitely many components.
Proof. First of all, observe that π(S) ⊆ π(S), since a projection maps limit points to limit points. Thus,S ⊆ π −1 (π(S)). Therefore, if π(S) = i∈I C i , where I is infinite, C i are closed, pairwise disjoint, and infinitely many
, that isS, is a union of infinitely many nonempty pairwise disjoint closed sets.
Corollary 2.4.
Suppose that for some ring R contained in a number field and for some affine variety V defined over the fraction field of R, V(R) has infinitely many connected components and R has a Diophantine definition over a ringR ⊃ R, where the fraction field ofR is a number field K. Then for some affine algebraic set W defined over K, W(R)
has infinitely many connected components.
Proof. Let V be a variety as described in the statement of the proposition with infinitely many components of V(R). Let g(t,ȳ) be a Diophantine definition of R overR. Let
. . , m} be polynomials defining V. Then consider the following system:
Let W be the algebraic set defined by this system. Note that projection of W(R)
onx-coordinates is precisely V(R) and therefore the topological closure of W(R) in R or C will have infinitely many connected components.
Before we state the next corollary, we need the following proposition whose proof can be found in [18] .
Proposition 2.5. Let K be a number field. Let P = {p 1 , . . . , p k } be a finite set of nonarchimedean primes of K. Then the set of elements of K integral at elements of P has a Diophantine definition over K.
More generally, let W be any set of primes of K and let S ⊂ W, where S is finite.
Corollary 2.6. Let W and S be sets of finite primes of Q, where S = P(Q) \ W is finite.
Suppose that Conjecture 1.1 holds over Q. Let V be any variety defined over Q. Then the real topological closure of V(O Q,W ) has finitely many connected components.
Proof. By Proposition 2.5, O Q,W has a Diophantine definition over Q. Therefore, we can apply Corollary 2.4 to reach the desired conclusion.
Proposition 2.7. Let R be a subring of a number field K such that for any variety V defined over K, the topological closure of V(R) has finitely many connected components. Then no infinite discrete (in archimedean topology) subset of R has a Diophantine definition over R. In particular, no infinite subset of Z n , where n is a positive integer, has a Diophantine definition over R.
Corollary 2.8. Let S be defined as in Corollary 2.6. Then there exists an affine variety U such that the real closure of U(O Q,S ) will have infinitely many components.
Proof. By Proposition 2.5, Z has a Diophantine definition over O Q,S . Therefore, we can apply Proposition 2.7 to reach the desired conclusion.
Thus if we allow finitely many primes in denominator, in the closure, we will have varieties over the resulting ring with infinitely many connected components. Similarly, if Conjecture 1.1 is true and we remove a finite number of primes from the denominator, all the varieties over the resulting rings will have finitely many components only, in the closure. The natural question is then how many primes we can remove from the denominator before we see varieties with infinitely many components in the topological closure over the resulting rings. In this paper, we show that in case of totally real fields (including Q), and their totally complex extensions of degree 2, we can remove sets of arbitrarily small positive density and get varieties with infinitely many connected components over the resulting rings. We have weaker results for complex fields with one pair of nonreal conjugate embeddings.
As has been mentioned above, Conjecture 1.1 implies that Z has no Diophantine definition over Q. Also, as described in the introduction, we have been successful in con- However, by looking at a stronger conjecture, we are able to construct "counterexamples" over these fields also. shows that the divisor of x has no primes in the denominator. Hence, x is an integral unit. 
are actually in Z. Furthermore, the set of these solutions is infinite.
Proof. Let W M contain all the M-primes lying above primes of
Further, the set {x j = n i=0 a i ω i,j , j = 1, . . . , n} contains all the conjugates of x = x 1 over Q. Thus, (3.2) is equivalent to (3.1), with K = Q. Therefore, if x = n i=1 a i ω i is a solution to (3.2), then x is an integral unit of M. Since {ω 1 , . . . , ω n } is an integral basis, we must conclude that a i ∈ Z. Conversely, if x = n i=0 a i ω i is a square of any integral unit of M, then (a 1 , . . . , a n ) are solutions to this equation. Since we assumed the degree of the extension to be greater than 2, we can conclude that by Dirichlet unit theorem (see [7, Theorem 11.19 , page 61]), the unit group of M is of rank at least 1, and the solution set of (3.2) is infinite in Z n .
Proposition 3.3.
For any ε > 0, there exists a set of rational primes W Q such that Dirichlet density of W Q is greater than 1 − ε and there exists a variety V defined over Q such that the topological closure of V(O Q,W Q ) in R has infinitely many connected components.
Proof. It is enough to take M to be a cyclic extension of prime degree greater than ε −1 .
Then by Chebotarev density theorem (see [7, Theorem 10.4 , page 182]), the set of primes splitting in the extension M/Q has density less than ε and we can apply Lemma 3.2 and Proposition 2.7.
To prove our results concerning totally real number fields and their totally complex extensions of degree 2, we need the following results from [19] . 
. The case of L being a totally complex extension of degree 2 of a totally real field is handled in a similar manner using Proposition 3.5. The only observation that is needed here is that we should select K and
We now turn our attention to extensions with one pair of nonreal conjugate embeddings. There we do not have results analogous to Propositions 3.4 and 3.5, but we do know that rational integers have a Diophantine definition over the rings of integers of these fields. (See [12, 15] .) We will use an approach utilized in the above cited result to prove the following theorem. Note that either µ or µ −1 is of absolute value greater than 1. Otherwise µ will be a root of unity. Indeed, if σ : K → R is a real embedding of K and
for some x, y ∈ K, then σ(x) − σ(a) 2 − 1σ(y) is of absolute value equal to 1, given our assumption that |σ(a)| < 1.
, and therefore, indeed µ is an absolute unit-a root of unity.
Assume, without loss of generality, that |µ| > 1 and let µ rk = x k − √ a 2 − 1y k for some sufficiently large r such that |µ
Therefore, for any l ∈ N, any neighborhood U of x l , there exist only finitely many m ∈ N such that x m ∈ U. In other words, the set
is discrete and the assertion of the theorem follows from Proposition 2.7.
Some questions
We would like to finish the paper with some obvious questions arising from the discussion above. . . . , x k , t 1 , . . . , t m ) = 0} and consider the map
implemented by projection on the first k coordinates. Note that f(V) = D. By assumption and by Proposition 2.3,D will have finitely many connected components. Since D has infinitely many points, for at least one connected component C ofD, C ∩ D must have more than one point, and projection of C onto one of the coordinates if K is real, or on the imaginary or real part of one of the coordinates, if K is not real, will contain an interval whose endpoints are rational numbers. Let a be the left endpoint of this interval and let l be its length. Let d n = s • φ(n), where s is either projection on the coordinate described above, or the real part or the imaginary part of the projection, as necessary, and let
Since φ is computable and we can compute effectively decimal expansions for ThenD has a Diophantine definition over (O K ) k as the φ-image of a Diophantine subset of Z. LetP(x 1 , . . . , x k , t 1 , . . . , t m ) be a Diophantine definition ofD = φ(Z), and letṼ be the algebraic set defined byP(x 1 , . . . , x k , t 1 , . . . , t m ) = 0. Then s • f, the projection fromṼ on the first k coordinates combined with projection onto a real or imaginary part of a coordinate chosen as above will produce a projection ofṼ onto set whose closure has infinitely many components. Thus,Ṽ must have infinitely many components giving an affirmative answer to Question 4.2 in contradiction of our assumptions for this proposition.
